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Monte Carlo treatment of the transport of electrons in a gas including electron-electron interactions
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A technique allowing electron-electron collisions to be included together with the electron—neutral-
species (atom or molecule) collisions in a Monte Carlo simulation is developed for the case of a weakly
ionized gas (ionization degree lower than 10~ %. The validity of this technique is checked by studying
the evolution over time of a set of electrons (in an infinite medium) assuming that they collide only be-
tween each other. The space variation of the electron energy distribution function and some mean
swarm parameters are calculated for a steady-state discharge established between two plane-parallel
electrodes. The importance and the effect of the electron-electron collisions in argon are discussed and
interpreted for two situations depending on the electron density at the cathode.

PACS number(s): 52.20.Fs, 52.80.—s, 51.50.+v, 52.65.+z

I. INTRODUCTION

It is well known that electron-electron collisions play
an important role, together with electron—neutral-species
collisions, in some gaseous discharges when the density of
electrons increases sufficiently for the ionization degree to
be higher than 107°. The change of the electron distribu-
tion function in this case may be very large compared to
weakly ionized gases and a lot of work has been devoted
to the theoretical determination of this electron distribu-
tion function taking into account electron-electron col-
lisions [1-5].

Including electron-electron collisions in numerical
modeling is made difficult by the nonlinear character of
the interactions and, consequently, the more complex
structure of the collision operator [4]. Usually, calcula-
tions are made using the Boltzmann equation approach
and assuming a homogeneous, infinite medium. In this
case, the Boltzmann equation is reduced to a nonlinear
integro-differential equation with respect to the velocity
variable whose solution can be obtained iteratively with
standard numerical techniques [5-8]. All previous works
based on the solution of the Boltzmann equation were
concerned with equilibrium situations and the problem of
nonequilibrium of electrons in space was never investigat-
ed. However, although it is known that one of the effects
of electron-electron collisions is to push the distribution
toward a Maxwellian and to make this distribution (at
least in conservative cases) independent of position, the
treatment of nonequilibrium situations in space when
electron-electron interactions can no longer be ignored is
also important, but no method is, for the moment, appli-
cable to this situation.

The Boltzmann equation approach is very difficult to
implement in this case, and it seems necessary to develop
a method that is more flexible to include electron-electron
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interactions in nonequilibrium situations. The simplest
method of studying the transport of electrons through
gases is the Monte Carlo (MC) method. It has been
widely used in the literature [9-11] but only
electron—neutral-species collisions were taken into ac-
count and the electron-electron interactions were always
ignored except in a few Monte Carlo calculations [7].

The aim of the present part is, first, to show how it is in
fact possible to include, in a very simple way, electron-
electron interactions (long-range interaction, cross sec-
tions dependent on the relative velocity) in Monte Carlo
calculations, and, second, to apply this formulation to the
study of the transport of electrons in a stationary
discharge where electrons are not necessarily in equilibri-
um with the electric field.

In the first part of this paper, we will give a brief but
comprehensive review of the Monte Carlo method ap-
plied to the simulation of electron trajectories in a back-
ground gas acted on by a uniform electric field. In the
second part, we will show how to extend the Monte Carlo
method to the treatment of electron-electron collisions.
The validity of this treatment will be first checked in sim-
ple situations (see Sec. III) and some numerical results
will be given and discussed for more realistic cases.

II. BRIEF DESCRIPTION
OF THE TRADITIONAL MONTE CARLO METHOD

As many Monte Carlo studies have already been re-
ported in the literature, we will not detail the whole pro-
cedure used in this work. The interested reader can refer
to standard textbooks or papers published on the subject
[7,9,10,12,13]. Only the most characteristic features of
our procedure will be given in the following.

One of the most striking steps in a Monte Carlo calcu-
lation is the determination of the physical parameters
that characterize a collision (time, position, energy, angle,
etc.) If an electron is emitted somewhere in the gas at
time 7, it may undergo a collision at time ¢,. The free
flight time At =t; —t, between two collisions is calculat-
ed using the usual relationship:
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=Ry = J, Vet , (1)

in which R,, is a pseudorandom number, uniformly
weighted on the interval [0,1]. The quantity v, (e(¢)) is
the total frequency of the electron-—neutral-species col-
lisions and €(¢) is the kinetic energy of the electron at
time ¢.

To determine ¢, i.e., the time at which the next col-
lision occurs, it is necessary to invert Eq. (1) above. As
Vot 18 usually a function of the electron energy, (1) is
difficult to solve. To facilitate the solution, the “null col-
lision” technique introduced for the fist time by Skullerud
in 1968 [14] (see also [15,16]) is used in this work as in
most modern Monte Carlo treatments of the motion of
electrons in ionized gases. The “null collision” v, is a
fictitious collision which does not affect the electron ve-
locity, and whose frequency is chosen so that the total
collision frequency v,,, (including the null collision) is
constant. We have

Venax =Vaul(E(0) F o (£(1)) .

Vmax 1S then greater than or equal to the maximum of
Vit E(D)).

Once v, is substituted instead of v,,(e(¢)) in Eq. (1),
the quadrature is easily made and we obtain the following
relationship:

At=t —t,= “InRar ,
Vmax
which gives the time of the next collision whatever its
type (real or fictitious).

Once the collision time is obtained, the velocity, ener-
gy, and position of the electrons are determined using
standard classical kinematic relations. The nature of this
collision is then chosen stochastically. The direction of
the velocity of the electron after the collision is again
determined stochastically according to the differential an-
gular cross sections for the type of collision considered.

The procedure described above is very common in
most current Monte Carlo codes. What is very often
different in Monte Carlo techniques is the calculation of
the various macroscopic or microscopic parameters [11].

In our procedure, the space and time variations of the
various quantities are calculated considering the state of
the electron before every collision (real or null). For
every interval in the phase space considered, all the data
indexed by “I” (time ¢;, position z,, kinetic energy ¢;, ve-
locity v,;, angle between velocity and electric field 8,) are
recorded just before a collision named “l.” In these con-
ditions, if x, is a variable characteristic of the electron
motion just before a collision, the Dirac function 8 used
below is equal to 1 if x; belongs to the interval [x;,x; ;]
and zero otherwise.

The density n(t;,z;) at time ¢; and position z;, propor-
tional to the real electron den51ty n,(t,z), is then given by
the relationship

col

>, oy —

1=1

n(t;,z;)= t;)8(z;—z;) .
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N, is the total number of collisions made by the elec-
trons during the whole simulation.
In the same way, we can introduce the mean energy

col

— Y 8t —

”( 10:2j) (=1

<€>(t,',zj) t; )S(ZI_ZJ-)E] ,

the component of the mean velocity along the direction
of the electric field

Ncol
t;2; 8(t;—1,)8(z ; ,
(Uz>(,21) n( ,,2)121 (1 (1 Z_,)Uz[
and the excitation or ionization frequency
1 Ncol <
Qk(ti’zj)= Wt”TJ) Ig} Sk,la(tl—ti )8(21‘“Zj )Vmax R

where k designates the type of collision (excitation or ion-
ization). Note that §, , is equal to 1 if collision “I” occur-
ring at time ¢; is an excitation or an ionization and is oth-
erwise equal to O.

Using ionization frequency and mean velocity, we can
also introduce the ionization coefficient which character-
izes the ionizing power of electrons along unit length, and
we have

Q,(8;,2;)
a; n(t-,z-)=——’ .
o ) o (t,2,)
We can also define the energy distribution function
f(t;,z;,€; ) by the following relationship:

col

(t,,z ) 121 8(1;—1;)8(z;—2;)8(g; —¢;)

[tz 2 €k )=
and the corresponding angular energy distribution func-
tion

col

> 8y —

(t,,z ) &

f(tl’ ekre )= ti)S(ZI_Zj)S(El_Gk)

X 8( 91 —9,,, )Sin( 61 ) )
where 0 is the angle between the electron velocity and the
Oz axis (orthogonal in our case with the electrodes).

We must note that, in our procedure, the accuracy of
the MC method increases with the number of collisions
because all the information about the motion of electrons
is stored before each collision (real or null). Consequent-
ly, as we cannot modify the number of real collisions
(since the corresponding cross sections are fixed), it is
possible to increase the accuracy of our results by chang-
ing the null collision frequency as the null collisions do
not affect the motion of electrons (Fig. 1).

The only procedure to increase the number of null col-
lisions is to increase v,,. In the present work, this fre-
quency is increased until stable results are obtained.

The above description is a rapid review of the Monte
Carlo calculation of swarm parameters and distribution
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FIG. 1. Example of null collision distribution between two
real collisions along the trajectory of the test electron.

functions of electrons in a weakly ionized gas taking into
account only the electron-neutral-species collisions. In
Sec. III we will add the electron-electron interactions to
the above treatment. We must note that, in doing so, we
will go from a linear Monte Carlo procedure in which the
frequency v, is determined only from the knowledge of
the electron-neutral-species cross sections and indepen-
dent of the density of electrons inside the gas to a non-
linear one in which v,,, depends on the electron distribu-
tion function.

III. TECHNIQUE OF SIMULATION
OF ELECTRON-ELECTRON COLLISIONS

In the following, we will distinguish two parts accord-
ing to how we treat the interaction, approximately or ac-
curately. In the first part, we will describe an approxi-
mate treatment of the electron-electron collisions as was
done in [7]. In the second part, the electron-electron in-
teraction will be taken into account accurately, the Ruth-
erford formula being used to determine the electron-
electron differential collision cross section.

A. Approximate treatment of electron-electron collisions

Unlike the case of electron-neutral-species collisions,
the interaction strength between two electrons is a
long-range interaction which produces a small-angle
deflection. That means that, in a sufficiently ionized gas,
the test electron experiences weak interactions with many
electrons simultaneously. We are then faced with a mul-
tibody encounter theory problem. To simplify the treat-
ment in this case, we can consider the multi-interaction
as a fictitious local binary collision. In these conditions,
the electron-electron interaction frequency is given by the
following equation (see [7]):

n, 3
ve_e(v)=—A7Nfv,ae,e(v,)F(r,v,,t)d v, , (2)

with v, =|v—v,|, where v is the velocity of the test elec-
tron, v, is the velocity of the target electron, o, is the
microscopic electron-electron cross section, and F(r,v,,?)
is the distribution function of electrons at time ¢ and posi-
tion r. N is the density of the neutral background gas.
Obviously, v, is the modulus of the relative velocity be-
tween the two electrons. In these conditions, it is clear
that, as v,_.(v) depends on the distribution F, it can only
be determined if F is known. As F will only be known if
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V... (V) is known, it follows that the determination of the
distribution F will be necessarily made in an iterative
manner.

To describe the conservative binary interaction be-
tween two identical particles, it is necessary first to know
the velocity of particles before the collision. Once the ve-
locity of these particles is known, the velocity of particles
after the collision is determined using the laws of conser-
vation of energy and momentum together with the angu-
lar differential cross section. In the case of electron-
electron collisions only the velocity v of the test electron
before the collision is known. The velocity v, of the tar-
get electron is sampled in agreement with the distribution
F using a pseudorandom number uniformly weighted on
the interval [0,1]. Using this method, expression (2) be-
comes

ne
V, (V)= NNv,oe_e(v,) .

The calculations start with an approximate distribution
F (for example, obtained ignoring electron-electron col-
lisions) and continue in the same way with F updated
after every collision. Obviously, after a large number of
electron-electron collisions the real distribution function
F(r,v,,t) will be obtained. For simplification, the direc-
tion of the target electron velocity was determined con-
sidering that the angular distribution was isotropic [7].

The cross section of the electron-electron collision was
given by the approximate relationship [7]

e*In(A)

(v, )= ’ (3)
T el (mv})

o

with

A 127(gok T, /e?)3/

172 ’
nf.’

where e and m are, respectively, the charge and the mass
of an electron; T, is the electron temperature; k is
Boltzmann’s constant; and g, is the permittivity of free
space.

The constant total frequency v,,,, used to calculate the
time of flight was determined in the following way: Ex-
pression (3) above shows that the electron-electron col-
lision frequency becomes infinite when v, vanishes.
Therefore, the constant frequency v,,,,, needed to calcu-
late the time of flight, also reaches infinity. This problem
was solved by choosing a lower limit v, to v, and then
adding n,v,;,0,..(V,:.) to the maximum of v, previ-
ously calculated taking into account only the
electron—neutral-species collisions. Obviously, the re-
sults of the calculation depend on the value chosen for
Uymin- HOWever, it is easy to verify that when v, ap-
proaches zero, the energy exchange during an electron-
electron collision becomes negligible even if the scattering
angle is large. So when v, vanishes, the effect of the
electron-electron collisions is less important, even if the
cross section becomes infinite. In these conditions the re-
sults of the calculations are not strongly dependent on

V,mia if @ sufficiently low value of this limit is chosen.
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B. Accurate treatment of electron-electron collisions

The Rutherford scattering o, (v,,x) formula giving
the differential cross section is
2

0
opX)=—m—, 4)
TeellrX (1—cosy)?
where
2
bo=—— 5)
4mrequy;

and p is the reduced mass equal to m /2.

When the scattering angle ) reaches zero, the
differential cross section becomes infinite, but at the same
time the energy exchange and the momentum transfer
can be ignored. It follows that the effect of electron-
electron collisions is less important when the scattering
angle is low. For this reason it seems better to take into
account the electron-electron collisions using the momen-
tum transfer cross section o, (v, ) defined by

amee(v,)=21rf;‘ 0. (v, x)(1—cosy)siny dx

_ Pk siny
2mby Xmin (1—cosy)
= Zﬂbgln——z— , (6)
1—coSYmin

where X, is the lower limit of the scattering angle ob-

tained by considering the screening effect of the Coulomb

potential (for more information, the reader is referred to

4)).

: Xmin depends on the Debye length Ap and also on the

relative velocity v, between the two interacting electrons.

Using another formula of the momentum transfer cross
section [4], it is possible to determine X ;,:

) l Ap

amee(g)=217'boln 1+ F

0

; (7)

then
COSX . =M (8)
min k2D+b% ’
with
KT, |7
Ap= 5
e‘n,

Note that KT, equals 2(&)(z,z), assuming that ¢ and z
are the time and position of the current collision.

When the relative velocity v, reaches zero according to
expressions (6) and (8), X, goes to 7. This means that
the scattering angle is greater when the relative velocity
is low.

Note that, now, there is no approximation on o, (v,)
compared to the cross section o, ,(v,) used in [7]. Note
also that the constant total frequency v,,,, including the
electron-electron collision frequency v,_(v) [equal here
to n,v,0,,.,.(v,)] is calculated in the same way as in Sec.
IITA.
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During the simulation, it is possible that the sum
nv,0 .. (v,)+ v, becomes higher than v,,. If this situ-
ation occurs, the simulation is stopped and a new value of
Vmax 18 calculated. Once v,,, is determined correctly, the
main difficulty is to calculate the relative velocity v, be-
tween the test electron and the target electron with veloc-
ities v(¢;) and v,(¢,), respectively, at time ¢,.

The energy and the components of the velocity v(z;) of
the test electron in the O,, O,, and O, directions just be-
fore the collision occurring at time ¢, are known, and are
given by the following relationships

v (t)=v,(2y) ,
vy(t1)=vy(t0) ,
vz(t1)=e—E-At+vz(t0) ,

m
e(t))=elty)+im[v2(t;)—v2(ty)] .

The components v,,, v,,, and v,, of the velocity v,(¢,)
are determined as described above according to the ener-
gy and angular distributions of electrons in the medium
and using three pseudorandom numbers R,, Ry, and
R¢t:

v, =v,sinf,cosy, ,
vy, =V,sinf,sing, ,
v, =v,cos6, ,
with
172
2¢,

Uy

m

The energy of the target electron ¢, is determined using
the energy distribution function f(¢,,z(¢,),€) of all elec-
trons previously followed, according to the expression

- [, f,2(2),e)de
[ ede

Then the angle 6, is determined using the angular dis-
tribution f(¢,,z(¢,),€,,60) of electrons already treated:

et
S, Fli.2(1)),e,,0)d0
foﬂf(tl,z(tl),s,,e)de ’

Raz

In most cases the computer memory is not sufficient to
store f(t,z,€,0). However, as in the present paper, for
which the calculations were made in two situations where
the system was only space or time dependent, respective-
ly, it follows that knowledge of the full distribution
f(t,2,€,0) is not necessary and that only the distribution
functions f(t,€,0) or f(z,€,0) are needed to sample 9,.

For the same reason [insufficient computer memory to
store f(2,€,0,9) or f(z,€,0,¢)], the azimuthal angle ¥,
was determined according to an isotropic distribution,

d’t =27R 'l’, .
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Finally, from these calculations, the relative velocity v,

between the test electron and the target electron is given
by

v, =2 +v? +v2)2,
x y z
with
v, =0, (t,)—v, =v,sinf,cosg, ,
v, =v,(t;)—v,, =v,sind,sing, ,

v, =v,(t,)—v,=v,cosb, .

The values of the angles 8, and ¢, are easily calculated
from the values of v, v,,, and v,,.

This value of v, is used to calculate the probability at
t, of the electron-electron collision given by the relation-
ship

(see above). This probability is used in the determination
of the nature of the collision occurring at time ¢, in the
same way as in Sec. II.

If the collision is an electron-electron collision, the
components U, V,,,, and v,., of the relative velocity after
the collision in the reference (Ox,Oy,Oz) are given by

U, =V, { —siny siny sing,
+siny cosy cosf,cosg,
+cosy sinf,cosg, | ,
v, =v,.{ +siny siny cose,
+siny cosy cosf,sing,
~+cosy sind,sing, } ,
V,, =V, { —siny cosysind, +cosy cosb, } .

In the relationships above, v,,=v, (since the collision is
elastic), x is the scattering angle, and 9 is the angle of the
relative orientation of the collision plane.

The momentum transfer cross section having been used
to take into account the electron-electron interaction, the
angle y is determined using a pseudorandom number
R .. according to the following relationships:

L omin e (02X )1 —cosy’)siny'd X’
7 oeelv.x 1 —cosysiny'dy’
xmin

Rxee =

cosY =1—(1—cosY pi, JeXp

2
R, In—m | .
xeelM 1_COSXmin l

Since the Coulomb potential is isotropic, the angle
Y is determined in the same way as for the
electron—neutral-species collisions using a pseudorandom
number R . :

¢'= 2mR Yee *

The velocity components and the energy of the test
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FIG. 2. Energy distribution function taking into account
only the electron-electron interactions for different times. The
electron density equals 7.08 X 107! cm™3. (1) t=1.25 ps, (2)
t=6.25 ps, (3) t=23.75 ps, (4) t=98.75 ps, (5) t=246.25 ps,
and (6) Maxwellian distribution at a mean energy of 0.2 eV.

electron after the electron-electron collision are calculat-
ed by (7]

ve(t) =4 () +v, +v, ],
v, (ty)+v, +v,,1,
v (t))+v,+v,.,],
E'(tl):%m[”,'XZ(tl)+”,'y2(t1)+U,'zl(t1)] .

Finally, the simulation of the motion of the test elec-
tron through the background gas is continued until the
disappearance of the electron. Then a large number of
electrons are followed until good statistics are obtained.
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0 50 100 150 200 25
time (ps)

FIG. 3. Time variation of the mean energy (1) and of the
electron density (2). The conditions are the same as in Fig. 2.
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IV. NUMERICAL RESULTS

A. Check of the accuracy of the method

A very simple way to check the validity of our method
is to follow the evolution over time of a set of electrons
moving in an infinite medium and undergoing only
electron-electron interactions. If we assume that the
medium is homogeneous, i.e., the distribution function
does not depend on space, it can easily be shown from the

first hydrodynamic equations that the density and the
mean energy of electrons are independent of time. Fur-
thermore, whatever the initial energy distribution of the
electrons, the final equilibrium distribution function will
be Maxwellian [5].

In Fig. 2 we plot the energy distribution function for
different times. The initial distribution function is rec-
tangular between 0.1 and 0.3 eV, so the initial mean ener-
gy equals 0.2 eV. Figure 2 shows clearly that, starting
from this initial situation, the distribution function be-

o Energy (ev) Energy (eV)
Poski? o 5 10 s M:sm B f 10 15
N nﬁ .l.“...'ll.
b 10°
105 - 3
{. (b) o
10 o i
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FOE
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-
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FIG. 4. (a) Energy and space variation of the distribution function in argon without electron-electron interactions for
E/N=42.373 Td and Nd=3.54X10"'¢ cm™2. (b) Energy and space variation of the distribution function in argon taking into ac-
count the electron-electron interactions for E/N=42.373 Td and Nd =3.54X 10" cm~2 n,,/N=107>. (c) Energy and space varia-
tion of the distribution function in argon taking into account the electron-electron interactions for E/N=42.373 Td and

Nd=3.54X10""%cm ™2 n,o/N=3X1075.
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comes Maxwellian. Figure 3 shows the time variation of
mean energy and electron density. Clearly, as postulated,
these two quantities do not depend on time. These re-
sults confirm that the hypotheses and the techniques used
in the present paper to include the electron-electron in-
teractions are valid and lead to accurate treatment using
the Monte Carlo method.

B. Results in the case of a steady-state discharge

It is well known that one of the effects of electron-
electron interactions is to make the distribution function
closer and closer to Maxwellian. This is the traditional
situation observed in the positive column of a glow
discharge. In this case, the electron and ion densities are
very high, the mean energy of electrons is low, and
electron-electron interactions are numerous. It is possi-
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ble that electron-electron interactions play a very impor-
tant role in some other regions of a glow discharge—for
example, during the transition from the cathode fall to
the negative glow. In this case, the number of electrons
created in the cathode fall and that penetrate inside the
negative glow is high and electron-electron interactions
are likely to be important. To estimate the importance of
this effect, it is necessary to be able to study the transport
of electrons in a nonhomogeneous discharge, taking into
account electron-electron collisions. In the following, we
limit our investigation to a simple situation where the
electric field in the discharge is constant and we will
study the role played by most physical quantities on the
importance of electron-electron interactions.

In this case, electrons move between plane-parallel
electrodes through an argon background gas and are sub-
jected to a constant electric field. The physical situation
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FIG. 5. (a) Space variation of mean energy in argon (1) without electron-electron interactions and with for (2) n,o/N= 107% and (3)
n.0/N=3X1075. The conditions are the same as in Fig 3. (b) Space variation of excitation coefficient as in (a). (c) Space variation of

ionization coefficient as in (a).
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is then characterized by the ratio E /N (the ratio of the
electric field E to the density N of the background gas);
the product Nd, where d is the gap distance; the mean en-
ergy €. of electrons; and the ionization degree n,,/N at
the cathode. The set of electron-atom collision cross sec-
tions of argon used in this paper is taken from [17].

In Figs. 4, 6, and 8, we plot the space variation of the
energy distribution of electrons for three different E/N
values: 42.373, 56.497, and 141.243 Td, respectively.
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Parts (a) of the figures correspond to situations where
electron-electron interactions are ignored. (b) and (c) cor-
respond to situations where electron-electron interactions
are taken into account with an ionization degree at the
cathode of 1075 and 3.1073, respectively.

Figure S gives (a) the space variation of mean energy,
(b) the excitation coefficient of some forbidden transitions
and (c) the ionization coefficient, without and with
electron-electron interactions for E/N equal to 42.373
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FIG. 6. (a) Energy and space variation of the distribution function in argon without electron-electron interactions for
E/N=56.497 Td and Nd=3.54X10%!¢ cm~2 (b) Energy and space variation of the distribution function in argon taking into ac-
count the electron-electron interactions for E /N =56.497 Td and Nd =3.54X10%'* cm~2 n,,/N=107>. (c) Energy and space varia-
tion of the distribution function in argon taking into account the electron-electron interactions for E/N=56.497 Td and

Nd=3.54X10%% cm™2 n,/N=3X10"5.
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Td. Figures 7 and 9 give the same swarm parameters in
the same conditions except that E /N is equal to 56.497
and 141.243 Td, respectively.

Figures 4(a), 6(a), and 8(a) show the energy and space
variation of the distribution function without electron-
electron interactions for three different E /N values. In
every case, the electrons leaving the cathode are ac-
celerated by the electric field and move inside a band, the
width of which is characterized by the width of the initial
energy of electrons released at the cathode. When the en-
ergy of the electrons is sufficiently high, they experience
inelastic collisions and they lose energy. This energy loss
is less when E /N [Fig. 4(a)] is small than when E /N is
high [Fig. 8(a)]. As they lose energy, electrons create
some new bands whose width is identical to the first one.
At low E /N, only one band is created but as E /N grows,
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more bands appear. Due to the existence of different ex-
citation and ionization processes, several bands appear at
high E /N [Fig. 8(a)] which overlap as electrons move far
from the cathode.

When electron-electron interactions are not taken into
account, the width of the various bands is well defined
(being controlled only by the values of the excitation and
the ionization threshold of the atoms) and some empty
regions appear between the bands.

With electron-electron interactions, the situation is
different; the electrons are able to move in a continuous
way along the energy axis, the distribution function
spreading through energy space, and there are no empty
regions between bands. The number of electrons filling
these previously empty regions depends first on the de-
gree of ionization and, second, on the value of the
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FIG. 7. (a) Space variation of mean energy in argon (1) without electron-electron interactions and with for (2) n,o/N =107 and (3)
n.o/N=3X1075. The conditions are the same as in Fig. 5. (b) Space variation of excitation coefficients as in (a). (c) Space variation
of ionization coefficient as in (a).
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electron-electron frequency. It follows that this number
of electrons increases when the degree of ionization in-
creases and is greater at low energy as the electron-
electron frequency grows [see Figs. 4(b), 4(c), 6(b), and
6(c)].

The effect of electron-electron collisions on the spatial
variation of macroscopic parameters can be seen in Figs.
5, 7, and 9. Significant differences appear mainly at low
E /N (Figs. 5 and 7). The changes in the mean energy in-
duced by electron-electron interactions are obviously
controlled by the spread of electrons in energy space.
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For example, the decrease and increase in electron mean
energy shown in Figs. 5(a) and 7(a) come from the ap-
pearance of slow electrons (decrease) and from the ap-
pearance of higher energy electrons (increase) between
higher and lower energy bands.

The most important effect of electron-electron col-
lisions occurs in the space variation of the excitation and
ionization coefficients. In this case, as electrons appear in
some regions where there are no electrons if the Coulomb
interactions are ignored (where excitation and ionization
coefficients are equal to zero), there is a strong increase of

FIG. 8. (a) Energy and space variation of the distribution function in argon without electron-electron interactions for
E/N=141.243 Td and Nd =3.54X 10" cm™2. (b) Energy and space variation of the distribution function in argon taking into ac-
count the electron-electron interactions for E/N =141.243 Td and Nd =3.54X 10" cm ™2 n,,/N=1075. (c) Energy and space vari-
ation of the distribution function in argon taking into account the electron-electron interactions for E/N =141.243 Td and

Nd=3.54X10*' cm ™2 n,o/N=3X10"5,
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FIG. 9. (a) Space variation of mean energy in argon (1) without electron-electron interactions and with for (2) n,,/N=10"° and (3)
n,,/N=3X10"° The conditions are the same as in Fig. 7. (b) Space variation of excitation coefficient as in (a). (c) Space variation

of ionization coefficient as in (a).

excitation and ionization in these regions. On the other
hand, there is a strong decrease in regions where the loss
of electron energy cannot be balanced by the appearance
of electrons coming from higher energies (the first energy
band). In the case of Fig. 5(c), near the anode, when the
electron-electron interactions are ignored, only a few
electrons produce ionization before being absorbed.
However, when these interactions are taken into account,
more electrons acquire enough energy to produce ioniza-
tion in the anode region.

It is now clear that the electron-electron interaction
effect is more important at low and intermediate E /N
values than at high E/N. In this case, as the various
bands overlap [Figs. 8(a) and 8(b)], electrons coming from
electron-electron interactions do not play a large role.
Furthermore, the electron mean energy being higher, the
electron-electron frequency is lower. It is then not
surprising that the space variation of the various macro-
scopic parameters is the same as in the case where
electron-electron interactions are ignored (Fig. 9).

Regarding these results overall, we can say that the
global effect of the electron-electron interactions is to bal-

ance the energy between the electrons, allowing them to
move in a large phase space, making the energy distribu-
tion function tend toward a Maxwellian distribution and
the swarm parameters get closer to their equilibrium
values.

V. CONCLUSION

In this paper we developed a method to include in a
rigorous way electron-electron interactions in a Monte
Carlo treatment. Unlike in some previous studies, the
treatment was made rigorous by taking full account of
the kinetics of electron-electron collisions in the Monte
Carlo process. This method was checked in some simple
situations and was shown to be able to predict basic phys-
ical properties. A study was made of the transport of
electrons in a simple gaseous discharge and the impor-
tance of electron-electron interactions was shown for
different degrees of ionization and different E /N values.
Our future work will be devoted to the study of the im-
portance of electron-electron collisions in the transition
between the cathode fall and the negative glow of an ab-
normal glow discharge.
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FIG. 4. (a) Energy and space variation of the distribution function in argon without electron-electron interactions for
E/N=42.373 Td and Nd =3.54X10"'® cm~2. (b) Energy and space variation of the distribution function in argon taking into ac-
count the electron-electron interactions for E /N =42.373 Td and Nd =3.54 X 10" cm 2 n,,/N=10"". (c) Energy and space varia-
tion of the distribution function in argon taking into account the electron-electron interactions for E/N=42.373 Td and

Nd=3.54X10""% cm 2 n,,/N=3X10""
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FIG. 6. (a) Energy and space variation of the distribution function in argon without electron-electron interactions for
E/N=56.497 Td and Nd=3.54X107' cm™2. (b) Energy and space variation of the distribution function in argon taking into ac-
count the electron-electron interactions for E /N =56.497 Td and Nd =3.54 X 10"'® cm ™2 n,,/N=10"". (c) Energy and space varia-
tion of the distribution function in argon taking into account the electron-electron interactions for E/N=56.497 Td and

Nd=3.54X10%"% cm ™2 n,o/N=3X 107"
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FIG. 8. (a) Energy and space variation of the distribution function in argon without electron-electron interactions for
E/N=141.243 Td and Nd =3.54X 10" cm~2. (b) Energy and space variation of the distribution function in argon taking into ac-
count the electron-electron interactions for E/N =141.243 Td and Nd =3.54X 10" cm ™2 n,,/N=10"". (c) Energy and space vari-

ation of the distribution function in argon taking into account the electron-electron interactions for E/N=141.243 Td and
Nd=3.54X10""%em 2 n,,/N=3X10"".



